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ABSTRACT
Versions of M-theory are found in spacetime signatures (9,2) and (6,5), in
addition to the usual M-theory in 10+1 dimensions, and these give rise to type IIA
string theories in 10-dimensional spacetime signatures (10,0),(9,1),(8,2),(6,4) and
(5,5), and to type IIB string theories in signatures (9,1),(7,3) and (5,5). The field
theory limits are 10 and 11 dimensional supergravities in these signatures. These
theories are all linked by duality transformations which can change the number of
time dimensions as well as the number of space dimensions, so that each should be
a different limit of the same underlying theory.
1. Introduction
In recent years, it has been discovered that dualities can relate theories with
different gauge groups, different space-time dimensions, different amounts of su-
persymmetry, and even relate theories of gravity to gauge theories. Thus many of
the concepts that had been thought absolute are now understood as relative: they
depend on the ‘frame of reference’ used, where the concept of frame of reference is
generalised to include the values of the various coupling constants. For example,
the description of a given system when a certain coupling is weak can be very
different from the description at strong coupling, and the two regimes can have
different spacetime dimension, for example. However, in all this, one thing that
has remained unchanged is the number of time dimensions; all the theories consid-
ered are formulated in a Lorentzian signature with one time coordinate, although
the number of spatial dimensions can change. In this paper, it will be argued that
dualities can change the number of time dimensions as well, giving rise to exotic
spacetime signatures.
The strong coupling limit of the type IIA superstring is a theory in 10+1 di-
mensions whose low energy limit is 11-dimensional supergravity theory and which
is referred to as M-theory. The type I, type II and heterotic superstring theories
and certain supersymmetric gauge theories emerge as different limits of M-theory.
The M-theory in 10+1 dimensions will be linked via dualities to a theory in 9+2
dimensions (9 space and 2 time dimensions), which will be referred to as M∗ the-
ory, and a theory in 6+5 dimensions, M ′-theory. Various limits of these will give
rise to IIA-like string theories in 10+0, 9+1,8+2,6+4 and 5+5 dimensions, and to
IIB-like string theories in 9+1,7+3, and 5+5 dimensions. The field theory limits
are supergravity theories with 32 supersymmetries in 10 and 11 dimensions with
these signatures, many of which are new. Further dualities relate these to super-
symmetric gauge theories in various signatures and dimensions, such as 2+2,3+1
and 4+0.
The resulting picture is that there should be some underlying fundamental
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theory and that different spacetime signatures as well as different dimensions can
arise in various limits. The new theories are different real forms of the complexifi-
cation of the original M-theory and type II string theories, perhaps suggesting an
underlying complex nature of spacetime.
Each of the theories has a flat-space solution Rp,q of the appropriate signa-
ture, but they are linked via compactifications on tori Tm,n with m compact space
dimensions and n compact time dimensions. The starting point is to note that
conventional string theory and M-theory with Lorentzian signature have classical
solutions which are flat spaces of the form Rm × Tn,1 where Tn,1 is a Lorentzian
torus with n spacelike circles and one timelike circle. The presence of closed time-
like loops means that the physics in such spaces is unusual, but it has often been
fruitful in the past to study solutions that have little in common with the real world.
An important issue with these solutions (as with many others) is whether a consis-
tent quantum theory can be formulated in such backgrounds. Wave equations or
Schro¨dinger equations can be solved with periodic time, but issues of measurement
and collapse of the wave-function are problematic. In string theory, it is straight-
forward to study the solutions of the physical state conditions, but there are new
issues that arise from strings (and branes) winding around the compact time.
Assuming that such timelike compactifications are consistent, then it is of inter-
est to investigate the ‘strong coupling’ limits that arise in going to the boundaries
of the moduli space and, surprisingly, the resulting limits give unexpected new
theories. A superstring theory in 9+1 dimensions compactified on a timelike cir-
cle gives, in the limit in which the circle shrinks to zero size, another superstring
theory in 9+1 dimensions related by timelike T-duality. Timelike T-duality takes
the heterotic string back to the heterotic string [1], but it was shown in [2] that
the timelike T-duals of the type IIA or type IIB strings are ‘new’ theories, the
type IIB∗ or type IIA∗ strings, respectively. The strong coupling limit of the
IIA∗ theory is the M∗-theory in 9+2 dimensions, as will be shown in section 6.
Whereas M-theory compactified on a Euclidean 3-torus T 3,0 gives M-theory again
in the limit in which the torus shrinks to zero size, M-theory compactified on a
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Lorentzian 3-torus T 2,1, in the limit in which the torus shrinks to zero size, gives
the M∗ theory in 9+2 dimensions. Next compactifying M∗ theory on a Euclidean
3-torus T 3,0 gives, in the zero size limit, the M ′ theory in 6+5 dimensions. Com-
pactifying the M,M∗,M ′ theories on circles or 2-tori of various signatures and
taking the zero volume limit then give rise to the various 10-dimensional string
theories. These 11 and 10-dimensional theories have brane solutions with various
world-volume signatures [2,3] and some of these interpolate between flat space and
solutions which are the product of a symmetric space SO(p, q)/SO(p, q−1), which
is a generalised de Sitter or anti de Sitter space of signature (p, q − 1), with an
internal hyperbolic or spherical symmetric space. The world-volume theory is a
superconformal gauge theory in a spacetime with signature (p − 1, q − 1) which
is invariant under the conformal group SO(p, q). This leads to a duality between
the superconformal gauge theory and the string or M-theory in the de Sitter-type
space [2], by arguments similar to those in [4].
It has been known for some time that there are supersymmetric theories in
non-Lorentzian signatures, such as 2+2 or 5+5 [5], and branes of various signatures
were discussed in [6]. The considerations here lead to new supergravity theories
to add to this list, and the string or M-theories that lead to these are all related
to one another and to the supersymmetric gauge theories in various signatures by
dualities, thereby unifying the many maximally supersymmetric theories in diverse
signatures. The web of dualities linking these theories has a robust structure which
survives many consistency checks, and it is remarkable that the theories that arise
are all consistent with supersymmetry; for example, IIB theories arise in precisely
those signatures admitting chiral fermions and real self-dual 5-forms.
Many of the theories that arise in this way appear to have pathologies, such as
ghosts, tachyons or instabilities. Most of the theories have instantons [2,3,7,8] that
may lead to the instability of flat space, but, at least in some cases, there is an
alternative interpretation of these solutions [2] and the question of vacuum decay
is unclear.
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To summarise, M-theory and superstring theory have classical solutions that
have periodic time. If a consistent quantum string or M-theory exists in such
backgrounds, then dualities lead to the new theories with exotic signatures that
are the subject of this paper, and the fact that the new theories are the usual
M-theory or string theory written in terms of dual variables would mean that
they are no worse than the original theory (with compact time) and some of the
features that appear to be pathological are in fact the consequence of using unusual
variables to describe the theory; this will be discussed further in section 3. It would
of course be important and interesting to understand how physics might work in
such theories directly, without recourse to duality arguments. These theories in
signature (s, t) also have decompactification limits which are flat solutions Rs,t, and
the question arises as to whether the theories in these backgrounds are consistent
or have some pathology. For example, although the various ‘wrong’ signs occuring
in the theories suggest instabilities, in some cases at least some of the apparent
instabilities appear to be absent [2]. Of course, it may be that M-theory or string
theory with periodic time is in fact pathological and then the new theories related
to these by duality would also be pathological, and these pathologies would have
been introduced by introducing closed timelike curves. However, the new theories
can be written down in flat space without any reference to timelike curves, and the
timelike compactifications are used only to relate the theories one to another. (It
is perhaps worth mentioning that string theory in backgrounds in which time as
well as all the space dimensions are compact have played an important role in the
study of vertex algebras, the monster group and related areas of mathematics; see
e.g. [1,9].) It is an important feature that all the exotic new theories are linked
to the usual M-theory by chains of dualities, so that there should still be a single
underlying theory. However, it seems that M-theory, or whatever the underlying
theory is to be called, may have ‘phases’ in which the physics is more unusual than
previously suspected.
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2. The Type II∗ Superstring Theories
T-duality on a space-like circle interchanges the IIA and IIB string theories
[10,11], but for a timelike circle, T-duality does not take the IIA string theory to
a IIB string theory or the IIB to IIA [13,2]. In [2], the images of the IIA and
IIB theories under timelike T-duality, the IIB∗ and IIA∗ theories respectively,
were investigated. The IIA∗ and IIB∗ theories can be obtained from the IIA and
IIB theories, respectively, by acting with iFL where FL is the left-handed fermion
number. The zero-slope limits give corresponding supergravity actions, which differ
from the usual IIA and IIB supergravities by certain signs; in particular, the signs
of the kinetic terms of the RR gauge fields are all reversed, and this leads to the
presence of E-brane solutions instead of the D-branes of the type II theories. An
En-brane arises from imposing Dirichlet boundary conditions in time as well as in
9− n spatial coordinates, and is associated with an extended object with n space-
like dimensions occurring at a particular instant in time. The En-branes of the
type II∗ theories are related to the Dn-branes of the type II theories by a timelike
T-duality. The T-dualities linking the type II and type II∗ theories are illustrated
in the following diagram.
Figure 1 The moduli space for the type IIA string theory compactified on a
Lorentzian torus T 1,1 with spacelike radius R and timelike radius T .
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A spacelike T-duality relates the IIA with the IIB theory and the IIA∗ with the
IIB∗ theory, while a timelike T-duality links the IIA with the IIB∗ theory and
the IIB with the IIA∗ theory.
The type II∗ theories have a twisted N = 2 superalgebra
{Qi, Qj} = ηij(ΓµC−1)Pµ (2.1)
where i, j = 1, 2 labels the two supercharges (which have the same chirality in the
IIB∗ theory and opposite chirality in the IIA∗ theory), C is the charge conjugation
matrix and ηij is the SO(1, 1) invariant metric diag(1,−1). The anti-commutator
of the second supercharge with itself has the ‘wrong’ sign. The scalars of the IIB∗
theory take values in the coset space
SL(2,R)
SO(1, 1)
(2.2)
instead of the coset space
SL(2,R)
SO(2)
(2.3)
of the IIB theory. The compactifications of these theories on spacelike tori Tn and
Lorentzian tori Tn,1 (with n spacelike circles and one timelike one) were considered
in [2], generalising the results of [12,13]. In particular, whereas the type IIB theory
is obtained from M-theory by reduction on T 2 in the limit in which the torus
shrinks to zero size, the IIB∗ theory arises from M-theory compactified on T 1,1 in
the limit in which it shrinks to zero size.
Given the existence of these ‘new’ type II∗ theories, it is natural to ask whether
any further new theories can be obtained in a similar way. This is indeed the case,
and the purpose of this paper is to explore these new theories and the web of
dualities linking them to each other and to M-theory. We start by pointing out
two apparent problems arising from the findings of [2], the resolution of which leads
to the first of the new theories.
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First, M-theory compactified on a timelike circle gives a string theory in 10
Euclidean dimensions which we will refer to as the IIAE theory (or IIA10+0 the-
ory). If this string theory is compactified on a circle, and the limit of zero radius
is taken, the result should be the T-dual of the IIAE theory, which should again
be a 10-dimensional string theory. The naive expectation is that it should again
be in 10 Euclidean dimensions, and should be some Euclidean version of the type
IIB theory. However, this cannot be the case, for a number of reasons. First,
the IIB theory has chiral fermions and a 4-form gauge field with self-dual field
strength, and there is no Euclidean version that does not double some of these
degrees of freedom. Second, the supergravity limit of the T-dual of the IIAE the-
ory should, when reduced to nine dimensions, give the same 9-dimensional theory
as dimensionally reducing the IIAE theory; this 9-dimensional Euclidean theory
is the one referred to as the IIA9 theory in [2]. The only IIB-type supergravity
theory in 10 dimensions compactifying to this theory is easily seen to be (up to
field redefinitions) the IIB∗ theory compactified on a timelike circle, and the only
Euclidean supergravity theory with this reduction (up to field redefinitions) is the
IIAE theory itself.
Recall that the IIB string theory can be obtained by compactifying M-theory
on a spacelike torus T 2 and taking the limit in which the torus shrinks to zero size
[16]. M-theory on a torus with radii R1, R2 can be represented in the following
diagram:
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Figure 2 The moduli space for M-theory compactified on a rectangular torus
T 2 with radii R,R′. Points should be identified under the symmetry that inter-
changes R with R′.
If one of the radii shrinks, we get the weakly coupled IIA string and if both shrink,
we obtain the IIB string with string coupling given by the ratio R1/R2.
Consider instead M-theory compactified on the Lorentzian torus T 1,1. First
compactifying on a space-like circle gives type IIA string theory, and then com-
pactifying on a timelike circle and taking the limit in which the circle shrinks to
zero size gives the IIB∗ string theory, by timelike T-duality. If now the order of
reductions is reversed, the reduction on the timelike circle gives the IIAE theory
and a further reduction on a spacelike circle should again give the IIB∗ theory.
This would lead one to expect a situation represented by the following diagram:
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Figure 3 The moduli space for M-theory compactified on a Lorentzian torus
T 1,1 with spacelike radius R and timelike radius T .
Reducing on a T 1,1 with spacelike radius R and timelike radius T gives a moduli
space of theories labelled by R, T depicted in the diagram. If the order in which
limits are taken does not matter, then the T-dual of the IIAE theory must be the
IIB∗ theory. There are two obvious problems with this: (i) The T-duality would
change the space-time signature, as it relates the IIAE theory in 10 Euclidean
dimensions to the IIB∗ theory in 9+1 dimensions with Lorentzian signature. The
IIAE theory on a spacelike circle of radius R is required to be T-dual to the IIB
∗
theory on a timelike circle of radius 1/R. (ii) The IIB∗ theory already has a T-
dual, as the IIB∗ theory on a timelike circle of radius 1/R is equivalent to the IIA
theory on a timelike circle of radius R, and the IIB∗ theory on a spacelike circle
is T-dual to the IIA∗ theory on a spacelike circle, so how can the IIB∗ theory be
T-dual to the IIAE theory as well? On the other hand, if the order of the limits
does matter, then the structure of the moduli space near the point R = T = 0
could be rather complicated, as the different theories could arise, depending on
the direction in which this point was approached. Also, if the IIB∗ theory is not
the T-dual of the IIAE theory, then it is hard to find another candidate. These
issues will be resolved in section 4 and 5, where it will be argued that under certain
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circumstances, T-duality can change a spacelike circle into a timelike one, and that
the IIB∗ theory on a timelike circle is indeed T-dual to both the IIAE and IIA
∗
theories. The point is that the string coupling constant of the IIB∗ theory is
proportional to R/T , so that taking first R small to obtain the weakly coupled IIA
theory and then taking T small to give the timelike T-dual of IIA gives the IIB∗ at
weak coupling, while first taking T small to give the weakly coupled IIAE theory
and then taking R small to give its T-dual results in the strong coupling limit of
the IIB∗ string theory. The strong coupling limit of the IIB∗ string theory is,
as will be seen, a different perturbative string theory, the IIB′ theory, although
the IIB∗ string theory and the IIB′ string theory are different perturbative limits
of the same underlying non-perturbative theory. The timelike T-dual of the IIB∗
string theory is the IIA string theory, as expected, but the timelike T-dual of the
IIB′ string theory is the IIAE string theory. However, having resolved this issue,
we find the T-dual of the IIB′ theory on a space-like circle leads to something new
again, as will be discussed in section 6.
A second open question is what is the strong coupling limit of the IIA∗ string
theory. As in the IIA case, it is expected to be some 11-dimensional theory. How-
ever, it cannot have the usual 11-dimensional supergravity as its field theory limit,
as the reduction of this gives the IIA theory, not the IIA∗ theory. The natural
guess is that it should have a 10+1 dimensional field theory limit, but we will see
that there is no such theory which gives the right reduction. This will be addressed
in section 7, and the strong coupling limit will be identified as a theory in 9 + 2
dimensions, and a field theory in 9+2 dimensions which dimensionally reduces to
the IIA∗ theory will be found.
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3. Timelike T-duality
Consider first the bosonic or heterotic string. For a flat string theory back-
ground which includes a periodic coordinate X, the most general string configura-
tion in that direction X(σ, τ) is
X(σ, τ) = x+ pτ + p˜σ +
∑
n
(
ane
in(τ+σ) + a˜ne
in(τ−σ)
)
(3.1)
where τ, σ are the closed-string world-sheet coordinates, with periodic coordinate
σ ∼ σ + 2π, and τ ∈ R. If X is periodically identified X ∼ X + 2πR for some
radius R, then the phase eip·x will be single-valued if the momentum p is quantized
p =
n
R
(3.2)
with n an integer, while the dual momentum p˜ must satisfy
p˜ = mR (3.3)
so that X is well-defined. Then m is the number of times the periodic coordinate
σ of the string world-sheet winds around the X dimension. The physical state
conditions are invariant under the T-duality transformation that interchanges m
and n and takes R→ 1/R and so interchanges p with p˜. Writing
X(τ, σ) = X(τ + σ) + X˜(τ − σ) (3.4)
the T-duality takes X → X, and X˜ → −X˜.
In the above, the compact coordinate X can be either spacelike or timelike,
and if it is timelike, X = X0, then p = p0 is the energy, which is quantized,
p0 = n/R, and m is the number of times the σ coordinate on the world-sheet
winds around the timelike direction in the target space. For a configuration in
which the compact world-sheet coordinate σ maps to the target space time X0,
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the non-compact world-sheet coordinate τ would map to a spatial direction X1,
say, in the target space, if the world-sheet is to be non-degenerate. Note that for
such configurations, τ becomes a space coordinate and σ a periodic time coordinate
with respect to the induced world-sheet metric. Then pµ = ∂τX
µ is a tachyonic
(spacelike) momentum, and it is straightforward to see that such states must occur.
Consider, for example, a conventional string state with timelike momentum (p0 =
n/R, pi) and no winding number. Then a timelike T-duality would take this to a
state with timelike winding number n and momentum (0, pi), which is spacelike
and tachyonic. Nonetheless, this is the original ‘good’ state described in terms
of dual variables, so that the unusual features are a consequence of the variables
used and do not reflect any pathology of the original state. For the heterotic
string compactified on time to R9 × S1, both the limits R → ∞ and R → 0 give
the heterotic string in 9+1 dimensional Minkowski space which is free from both
ghosts and tachyons (at least perturbatively) and is stable. For the tachyonic state
described above, the winding number becomes the energy corresponding to the
dual time coordinate, and the resulting dual momentum is timelike, as it should
be. The perturbative spectrum for finite R has been analysed in [1], where it was
shown to be free from ghosts, with a positive definite Hilbert space.
Consider the low-energy field theory, which includes
S =
∫
d10x
√−ge−2Φ (R + 4(∂Φ)2 −H2)+ . . . (3.5)
where Φ is the dilaton and H = dB2 is the field strength for the 2-form gauge field
B2. Reducing this on time to 9 Euclidean dimensions gives an action
S =
∫
d9x
√
g
[
e−2Φ
(
R + 4(∂Φ)2 −H2 − dχ2 + F 2g + F 2B
)
+ . . .
]
(3.6)
where Fg, FB are the field strengths for the one-form gauge fields A
g
i ∼ gi0, ABi ∼
Bi0 and χ is the scalar coming from the metric. The T-duality leads to a symmetry
of the 9-dimensional action under which Ag, AB are interchanged. The kinetic
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terms for the two vector fields Ag, AB have the ‘wrong’ sign, usually associated
with ghosts. However, if all the Kaluza-Klein modes are kept, the theory is the full
10-dimensional theory and the 10-dimensional gauge symmetries can be used to
remove all negative norm states, including those corresponding to the fields gi0, Bi0,
at least in the topologicaly trivial sector. The 10-dimensional physical states carry
non-zero p0 and all of these are thrown away in the truncation of dependence on
the X0 coordinate, so that the dimensionally reduced action (3.6) is particularly
misleading for studying the physical states. Nonetheless, such actions can be useful
for studying some aspects of the theory, and relations between theories, but should
be regarded, for most purposes, as being accompanied by an action for an infinite
set of modes with non-zero energy, and most of the physics is in these modes.
Consider now T-duality in the type II theories, which in the covariant NSR
formalism are formulated in terms of bosonic coordinates Xµ and their superpart-
ners Ψµ, which are world-sheet spinors. The transformation ∂aX
µ → ǫab∂bXµ or
Xµ + X˜µ → Xµ − X˜µ for T-duality in the µ direction is accompanied by the
transformation Ψµ → γ3Ψµ. Decomposing Ψµ into a right-handed Majorana-Weyl
world-sheet fermion ψµ and a left-handed one ψ˜µ, this transformation acts as
ψµ → ψµ, ψ˜µ → −ψ˜µ (3.7)
In addition, there are right-handed and left-handed spin operators S, S˜ which are
Majorana space-time spinors satisfying the chirality constraints Γ11S = S,Γ11S˜ =
S˜ for the type IIB string and Γ11S = S,Γ11S˜ = −S˜ for the type IIA string [14]. As
a reflection in a spatial direction, X9 say, acts in spin space through the operator
iΓ11Γ9, T-duality in the X9 direction acts on the spin operators as [15]
S → S, S˜ → S˜′ = iΓ11Γ9S˜ (3.8)
This changes the chirality of S˜. By considering the action on RR vertex operators
[15], this gives the relation between the RR field strengths G′n of the type IIA
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(IIB) theory with n even (odd), and the field strengths Gn±1 of the T-dual type
IIB (IIA) theory:
G′µ1...µn = G9µ1...µn , G
′
9µ1...µn = −Gµ1...µn (3.9)
for any µi 6= 9.
For a timelike T-duality in theX0 direction, the T-duality should take S˜ → P S˜
for some operator P which should be given by Γ11Γ0, up to a phase. There are
possible phases (up to a sign), which lead to equivalent results. The operator
P = iΓ11Γ0 preserves the Majorana condition on S˜ but is not unitary, while Γ11Γ0
is unitary but does not preserve the Majorana condition. Choosing the unitary
operator, then (in a Majorana representation in which Majorana spinors are real
and the gamma matrices imaginary) S˜′ is imaginary. As a result, a timelike T-
duality maps the type II theory with real (Majorana) spin operators S, S˜ to a new
theory, the type II∗ theory, in which there is a real right-handed spin operator S
and an imaginary left-handed one Sˆ, with the T-duality taking S˜ → Sˆ = Γ11Γ0S.
If we choose instead P = iΓ11Γ0, the T-duality preserves the reality of S˜ and
changes its chirality, but the fields in the R-R and NS-R sectors (i.e. the sectors
constructed using S˜) become imaginary, so that the timelike T-dual of the IIA
(IIB) theory is given by acting on the IIB (IIA) theory with iFL to give the IIB∗
(IIA∗) string theory. This has the effect of multiplying all fields in the NS-R and
R-R sectors by i, so that on rewrting in terms of real fields, the signs of all terms in
the action that are bilinear in such fields, including the kinetic terms, are reversed,
and exactly the same sign reversals arise from calculating the effective action in
the formalism based on the imaginary spin operator Sˆ, but with real fields. In
either approach, the RR field strengths Gn of the type IIA (IIB) theory with n
even (odd) are related to the field strengths Gˆn±1 of the T-dual type IIB
∗ (IIA∗)
theory by
Gµ1...µn = Gˆ0µ1...µn , G0µ1...µn = −Gˆµ1...µn (3.10)
for any µi 6= 0.
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An important check on these signs and phases is given by the supergravity
theories. The T-duality between the IIA and IIB theories is reflected in the su-
pergravity theories by the fact that the dimensional reduction of IIA supergravity
to 8+1 dimensions is equivalent to the reduction of IIB supergravity on a space-
like circle, and the field redefiniton relating the two theories gives the T-duality
rules, and in particular gives the RR field transformations (3.9) [18], together with
the transformations found by Buscher [20]. Similarly, the IIA and IIB∗ super-
gravities have the same timelike reduction to 9+0 dimensions, as do the IIB and
IIA∗ supergravities, and the field redefinitions linking them give the T-duality
transformations.
If there are fundamental strings whose world-sheets wrap around a compact
time dimension, then there must be branes whose world-volumes also wrap around
compact time. For example, a fundamental string of the IIB string theory winding
in time is S-dual to a D-string winding time, and spatial T-duality leads to Dp-
branes of the IIB or IIA theories which also wrap around the time dimension. The
S-dual of a wrapped D5-brane gives a wrapped IIB NS 5-brane, and T-dualities
relate these to wrapped NS-5-branes and KKmonopoles of the IIA and IIB theories.
It was argued in [19] that time-wrapping branes allows one to avoid singularities
and certain other undesirable features in the brane supergravity solutions.
A timelike T-duality takes a time-wrapped Dp-brane (with p + 1 dimensional
Lorentzian world-volume) of the type IIA (IIB) theory to an Ep-brane of the type
IIB∗ (IIA∗) string theory with a p-dimensional Euclidean world-volume [2]. For
example, a time-wrapped D-string is T-dual to an E1-brane of the IIA∗ theory
whose world-line is spacelike and so can be thought of as the world-line of a tachyon,
but this tachyon is closely related to the tachyon discussed above, arising from
T-dualising a time-wrapped fundamental string. The IIB∗ theory has fundamen-
tal strings with Lorentzian world-sheets and E2-branes or ‘Euclidean strings’ with
Euclidean 2-dimensional world-sheets, but the two are interchanged by SL(2,Z) S-
duality transformations. This duality with normal branes suggests that the tachy-
onic branes might not be as problematic as they at first appear. As will be seen,
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there can be supersymmetric string theories in which the ‘fundamental strings’ are
Euclidean, with Euclidean world-sheets embedded in a Lorentzian target space.
Similar considerations lead to branes of various world-volume signatures occurring
in the M-theories and strings of various signatures [3] and dualities link these, so
all should be on the same footing.
4. T-Dual of the IIAE Theory
The IIAE string theory is the timelike reduction of M-theory, and is in 10
Euclidean dimensions. The fundamental strings also have Euclidean world-sheets,
as they arise from double timelike dimensional reduction of M2-branes. In this
section, we will seek the T-dual of the IIAE theory; it will be useful to denote it as
the IIB′ theory. We will start by looking at the supergravity effective actions, and
identify the perturbative branes as in [17]. In particular, the dimensional reduction
of the IIB′ theory to 9 Euclidean dimensions should be the same as that of the
IIAE theory.
The bosonic action of the IIA supergravity is
SIIA =
∫
d10x
√−g
[
e−2Φ
(
R + 4(∂Φ)2 −H2)
−G22 −G24
]
+
4
3
∫
G4 ∧G4 ∧ B2 + . . .
(4.1)
while that of IIB supergravity is
SIIB =
∫
d10x
√−g
[
e−2Φ
(
R + 4(∂Φ)2 −H2)
−G21 −G23 −G25
]
+ . . .
(4.2)
Here Φ is the dilaton, H = dB2 is the field strength of the NS-NS 2-form gauge
field B2 and Gn+1 = dCn + . . . is the field strength for the RR n-form gauge field
Cn. The field equations derived from the IIB action (4.2) are supplemented with
the self-duality constraint G5 = ∗G5.
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The corresponding actions for the type II∗ theories have RR kinetic terms with
the opposite sign [2]:
SIIA∗ =
∫
d10x
√−g
[
e−2Φ
(
R + 4(∂Φ)2 −H2)
+G22 +G
2
4
]− 4
3
∫
G4 ∧G4 ∧ B2 + . . .
(4.3)
and
SIIB∗ =
∫
d10x
√−g
[
e−2Φ
(
R + 4(∂Φ)2 −H2)
+G21 +G
2
3 +G
2
5
]
+ . . .
(4.4)
The type IIB∗ theory has a scalar coset space
SL(2,R)
SO(1, 1)
(4.5)
and enjoys an SL(2,Z) U-duality, and again G5 = ∗G5.
Reducing M-theory on a timelike S1 gives the IIAE string theory, and this
has a supergravity limit given by the reduction of 11-dimensional supergravity on
a timelike circle. This is a theory in 10 Euclidean dimensions with bosonic action
SIIAE =
∫
d10x
√
g
[
e−2Φ
(
R + 4(∂Φ)2 +H2
)
+G22 −G24
]
+
4
3
∫
G4 ∧G4 ∧ B2 + . . .
(4.6)
Reducing the type IIB or IIA∗ theory in the time direction gives the IIB9
theory in 9 Euclidean dimensions with bosonic kinetic terms
SIIB9 =
∫
d9x
√
g
[
e−2Φ
(
R + 4(∂Φ)2 −H2 − dχ2 + F 2g + F 2B
)
−G21 +G22 −G23 +G24
]
+ . . .
(4.7)
and scalars taking values in
SL(2,R)
SO(2)
× R+ (4.8)
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while the timelike reduction of the IIA or IIB∗ theory gives the IIA9 theory
SIIA9 =
∫
d9x
√
g
[
e−2Φ
(
R + 4(∂Φ)2 −H2 − dχ2 + F 2g − F 2B
)
+G21 −G22 +G23 −G24
]
+ . . .
(4.9)
with scalars taking values in
SL(2,R)
SO(1, 1)
× R+ (4.10)
The fact that the timelike dimensional reduction of the IIB and IIA∗ (or IIA and
IIB∗) theories gives the same 9-dimensional theory shows that timelike T-duality
should relate the two theories [2].
On the other hand, reducing the IIAE supergravity to 9 dimensions gives the
bosonic action
SIIA′
9
=
∫
d9x
√
g
[
e−2Φ
(
R + 4(∂Φ)2 +H2 − dχ2 + F 2g + F 2B
)
+G21 +G
2
2 −G23 −G24
]
+ . . .
(4.11)
with scalars again taking values in (4.10). This type IIA′9 theory is related to
the type IIA9 theory by a field redefinition, which is an SL(2,Z) transformation
interchanging B2 with C2 and C1 with A
g. The dimensional reduction of 11-
dimensional supergravity on space and then time gives the IIA9 supergravity,
while reducing on time and then space gives the IIA′9 supergravity. These two 9-
dimensional supergravities are related by a field redefinition and so are equivalent,
so that reducing on time and then space gives the same result as reducing on space
and then time, as in [13]. The IIA′9 theory can also be obtained by the timelike
dimensional reduction of the following 9+1 dimensional bosonic action, which we
will refer to as the IIB′ action:
SIIB′ =
∫
d10x
√−g
[
e−2Φ
(
R + 4(∂Φ)2 +H2
)
+G21 −G23 + G25
]
+ . . .
(4.12)
This differs from the IIB∗ action (4.4) in the signs of the kinetic terms of the
2-form gauge fields: the NS-NS 2-form B2 has a kinetic term of the right sign in
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the IIB∗ theory and the wrong sign in the IIB′ action, while the RR 2-form C2
has a kinetic term of the wrong sign in the IIB∗ theory and the right sign in the
IIB′ action.
The strong-coupling limit of the IIB∗ theory is given by acting with an
SL(2,Z) transformation that takes Φ → −Φ (if C0 = 0) and which interchanges
B2 and C2 so that, after a Weyl-rescaling of the metric, the IIB
∗ action (4.4) is
replaced by the IIB′ action (4.12), and the strong coupling limit of the IIB∗ string
theory is the IIB′ string theory with field-theory limit (4.12).
This leads to the following scenario. The T-dual of the IIAE theory is a
IIB′ string theory whose zero-slope limit is the IIB′ supergravity (4.12), which
is related to the IIB∗ supergravity by the field redefinition interchanging B2 and
C2, so that the IIB
′ and IIB∗ supergravities are equivalent field theories, with
two 2-form gauge fields which form an SL(2) doublet and have kinetic terms of
opposite signs. However, the IIB′ and IIB∗ theories are different perturbative
string theories. The 2-form with the right-sign kinetic term couples to strings with
1+1 dimensional world-sheets in the usual way (the fundamental strings of the
IIB∗ theory) while the one with the wrong-sign kinetic term couples to ‘Euclidean
strings’ whose world-sheets are spacelike surfaces with 2 Euclidean dimensions
embedded in Lorentzian spacetime (the E2-branes of the IIB∗ theory). Thus the
IIB∗ and the IIB′ theories each have both Lorentzian and Euclidean strings,
and which of the various branes are the perturbative states can be seen using
the arguments of [17]. The weakly coupled IIB∗ theory is a perturbative theory
of the Lorentzian strings, with the Euclidean strings arising as non-perturbative
E-branes, while in the IIB′ theory, the roles are reversed, and the theory is a
perturbative theory of the Euclidean strings with the Lorentzian strings arising in
the non-perturbative sector as D-strings on which the Euclidean strings can end.
Thus, at the non-perturbative level, there is a theory in 9+1 dimensions which
has both strings with Lorentzian world-sheets and strings with Euclidean world-
sheets, and whose zero-slope limit is the type IIB∗ supergravity with bosonic
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action (4.4) (or, equivalently, the type IIB′ supergravity (4.12)). The perturbative
string theory based on the Lorentzian strings is the type IIB∗ string theory whose
timelike T-dual is the type IIA∗ string theory, while the perturbative string theory
based on the Euclidean strings is the type IIB′ string theory whose timelike T-dual
is the type IIAE string theory, which is again a theory of Euclidean world-sheets.
The IIB∗ and IIB′ string theories are S-dual, so one is the strong-coupling limit of
the other. We see that the T-dual of the IIAE string theory is not a version of the
IIB theory with Euclidean target space, but a version with Euclidean world-sheet
instead. We also learn that the diagram in figure 3 is essentially correct, so long
as the IIB∗ theory occurring at R = T = 0 is taken as the full non-perturbative
theory; the coupling constant is given by the ratio R/T , as in [16], and so taking R
to zero and then T to zero gives the IIB∗ string theory while reversing the order
gives its strong coupling limit, the IIB′ string.
The key feature here is that the 2-form with the wrong sign kinetic term couples
to strings with Euclidean world-sheets, and a Euclidean string on a spacelike circle
of radius R is T-dual to a Euclidean string theory on a timelike circle of radius
1/R, so that whereas T-duality of Lorentzian strings does not change the space-
time signature, T-duality of Euclidean ones does. In the next section, we will show
why this is the case; in later sections, this will lead to further circumstances in
which dualities can change space-time signature.
5. Euclidean Strings and T-Duality
Consider a string theory with a flat target space with a circular dimension with
coordinate X ∼ X + 1, so that the world-sheet action includes
S = λ
1
2
∫
d2σ∂aX∂
aX + . . . (5.1)
where λ = R2 for a space-like circle of radius R and λ = −R2 for a timelike circle
of radius R, and σa are the world-sheet coordinates. T-duality can be studied by
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gauging the shift symmetry X → X + c by coupling to a world-sheet gauge field
Aa and adding a term with a Lagrange multiplier field Y imposing the constraint
that the gauge field is flat [20-24]. This gives the action
S =
∫
d2σ
(
1
2
λDaXD
aX + ǫabAa∂bY + . . .
)
(5.2)
where
DaX = ∂aX − Aa (5.3)
Then the Lagrange multiplier imposes the constraint Fab = 0 (Fab = ∂aAb− ∂bAa)
and implies A is pure gauge and can be gauged away, recovering the action (5.1).
The multiplier field Y takes values in a circle, Y ∼ Y + 1, so that the winding
modes in Y are responsible for the elimination of flat connections with non-trivial
holonomy. On the other hand, the terms involving X can be gauged away, after
which Aa is an auxiliary field which can be eliminated to give
S = λ′
1
2
∫
d2σ∂aY ∂
aY + . . . (5.4)
where
λ′ = − ε
λ
(5.5)
and ε is the coefficient in the identity
ǫabǫcd = ε
(
hachbd − hadhbc
)
(5.6)
where hab is the world-sheet metric. Then ε = −1 for a Lorentzian world-sheet
and ε = +1 for a Euclidean world-sheet. Thus for a Lorentzian world-sheet,
λ′ = 1/λ and a spacelike (timelike) circle of radius R in which X takes values has
been exchanged for the dual spacelike (timelike) circle of radius 1/R in which Y
takes values, so the signature is unchanged. On the other hand, for a Euclidean
world-sheet, λ′ = −1/λ and a spacelike (timelike) circle of radius R in which X
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takes values has been exchanged for the dual timelike (spacelike) circle of radius
1/R in which Y takes values, so the signature of the X coordinate is reversed.
The T-duality corresponds to the map X → Y where ∂aX = ǫab∂bY , so that
(∂X)2 = −ε(∂Y )2.
More generally, consider a non-linear sigma-model
S =
1
2
∫
d2σ
√
|h|
(
gmn∂aX
m∂aXn +Bmnǫ
ab∂aX
m∂bX
n + ΦR
)
(5.7)
representing a string moving in a target space with coordinates Xm, metric gmn
and background 2-form gauge field Bmn and dilaton Φ. Suppose the target space
has an isometry generated by a Killing vector km and that the Lie derivatives of
Hmnp and the dilaton vanish. Then there is a symmetry δX = ck
m for constant
parameter c and this can be gauged if the global obstruction of [25] is absent. In
that case, a Lagrange multiplier term can again be added to the gauged action to
obtain [20-24]
S = Sgauged[X
m, Aa] +
∫
d2σǫabAa∂bY (5.8)
where Sgauged is the gauged action given in [25]. If the isometry orbits are compact,
the Lagrange multiplier can again be eliminated to regain the action (5.7), or
one can integrate over the gauge fields to obtain the T-dual sigma-model with
background fields g˜mn, B˜mn, Φ˜. Choosing adapted coordinates X
m = (X0, Xα)
where k = ∂/∂X0 so that the isometry generates shifts inX0,
⋆
the dual background
⋆ We use the notation of [20-24], but do not specify here whether X0 is a spacelike or timelike
coordinate.
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fields are
g˜00 = −ε 1
g00
g˜0α = −εB0α
g00
B˜0α =
g0α
g00
g˜αβ = gαβ −
g0αg0β − (−ε)B0αB0β
g00
B˜αβ = Bαβ −
g0αB0β −B0αg0β
g00
Φ˜ = Φ− 1
2
log|g00|
(5.9)
These are the same as the transformations of [20], except that the factors of −ε,
with ε = −1 for Minkowski world-sheets and ε = 1 for Euclidean world-sheets,
changes some of the signs for Euclidean strings. In particular, as g˜00 = −ε/g00,
the target space signature changes if ε = 1.
The metric beta-function for the sigma-model (5.7) is
βgmn = Rmn − (−ε)HmpqHnpq + . . . (5.10)
as the identity (5.6) is used in the Feynman graphs leading to the H2 term. As
a result, the effective action generating the conditions for sigma-model conformal
invariance is
S =
∫
dDX
√
|g|e−2Φ (R + 4∇Φ2 − (−ε)H2)+ . . . (5.11)
and the sign of the B2 kinetic term is indeed reversed for Euclidean world-sheets
(ε = 1), as expected from the last section.
Note that the Euclidean strings considered here should be distinguished from
the Wick-rotated strings used in Euclidean path integrals. Consider for example
the sigma-model (5.7) with Lorentzian world-sheet and Lorentzian target space. In
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the Euclidean path integral quantization, the target space is (usually) Wick-rotated
or analytically continued to a Euclidean space and the path integral is taken to be
over all Euclidean world-sheet metrics. The functional integral is weighted with
e−SE where SE is the Euclideanised action which in particular has an imaginary
Wess-Zumino term:
SE =
1
2
∫
d2σ
√
|h|
(
gmn∂aX
m∂aXn + iBmnǫ
ab∂aX
m∂bX
n + ΦR
)
(5.12)
The factor of i in front of the Wess-Zumino term is needed to make the functional
integral well-defined for topologically non-trivial B2 fields and gives an extra sign
to cancel the one coming from the identity (5.6) on changing from Lorentzian to
Euclidean world-sheets. The resulting target space effective action is then
S =
∫
dDX
√
|g|e−2Φ (R + 4∇Φ2 −H2)+ . . . (5.13)
with the correct signs, and the T-duality transformations are those of Buscher,
without any sign-changes. The action for the Euclidean strings that was considered
above has a realWess-Zumino term and so has some signs changed in the T-duality
rules and the effective action. Formally, one can think of using the action (5.7)
in a path-integral weighted with eiS , and then consider various Wick rotations or
analytic continuations as appropriate to define the functional integral; these include
Wick rotations of timelike target space coordinates X as well as the world-sheet
time.
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6. More Type II String Theories
The type IIB′ theory has Euclidean fundamental strings and so, by the ar-
guments of the last section, T-duality changes the signature. Compactifying on a
timelike circle and T-dualising gives the IIAE theory in 10 Euclidean dimensions,
while using a spacelike circle will give a theory in 8+2 dimensions. The supergrav-
ity action for the theory in 8+2 dimensions is determined by requiring its timelike
reduction to 8+1 dimensions be the same as the spacelike reduction of the IIB′9+1
supergravity, and is again of the type IIA form but with certain sign changes. The
theory in 8+2 dimensions will be referred to as the type IIA8+2 theory. Both the
IIAE and IIA8+2 theories have a B2 field with the wrong sign kinetic term and
so both have Euclidean fundamental strings.
In the same way, a spacelike T-duality of the IIA8+2 theory will give a
IIB7+3 theory in 7+3 dimensions which has a type IIB-style action but with
some sign changes (given in table 1 of section 12). It has scalars in the coset space
SL(2,R)/SO(2), and both the 2-forms C2 and B2 have kinetic terms of the wrong
sign, so that there are (p, q) strings with Euclidean world-sheets. A spacelike T-
duality then takes this to a IIA6+4 theory in 6 spatial and 4 time dimensions, and
a further spacelike T-duality takes this to a IIB-like theory in 5+5 dimensions,
which will be denoted the IIB′5+5 string theory, as it is similar to the IIB
′
9+1 the-
ory. It has fundamental Euclidean strings and Lorentzian D-strings, and the strong
coupling limit is a type IIB∗5+5 string theory with perturbative Lorentzian strings
and E2-branes (or Euclidean D-strings). This has a IIA∗5+5 theory as a spacelike
T-dual, and a IIA5+5 theory as a timelike T-dual, and finally the IIA5+5 has a
IIB5+5 theory as a spacelike T-dual, and this latter is the timelike T-dual of the
IIA∗5+5 theory. The T-dualities relating the theories in 5+5 dimensions are shown
in figure 4, and is very similar to the 9+1 dimensional case depicted in figure 1.
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Figure 4 The moduli space for the type IIA5+5 theory compactified on a
Lorentzian torus with timelike radius T and spacelike radius R.
Spacelike T-duality relates the IIA and IIB theories and the IIA∗ and IIB∗ the-
ories, while timelike T-duality relates the IIA∗ and IIB theories and the IIA and
IIB∗ theories. The type IIB∗5+5 string and the type IIB
′
5+5 string are differ-
ent perturbative limits of the same non-perturbative theory. After this, further
T-dualities give a set of theories similar to those just listed but with space and
time interchanged. Thus there are IIA, IIB, IIA∗IIB∗ theories with signature
1+9 (one space and 9 time) together with theories in 0+10, 2+8, 3+7 and 4+6
dimensions. The supergravity theory in signature (s, t) and its mirror with signa-
ture (t, s) are equivalent, as will be discussed in section 11. The IIA5+5 and the
IIA∗5+5 actions are equivalent, related by taking gµν → −gµν , and changing the
overall sign of the action, while such a mirror transformation takes the IIB5+5 the-
ory to itself, and the IIB∗5+5 theory to itself. A map through this maze of T-dual
10-dimensional theories is given in figure 5. Note that this includes the square of
theories in 9+1 dimensions given in figure 1, its mirror in 1+9 dimensions and the
square of theories in 5+5 dimensions given in figure 4. Reflection about the central
horizontal line on which the IIB5+5 theories lie takes each theory to its mirror.
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Figure 5 The dualities linking the type II string theories in 10 dimensions. A
bold line represents an S-duality interchanging strong and weak coupling, a line
with an R indicates a spatial T-duality, a line with a T indicates a timelike T-
duality, and a double-ended arrow with both an R and a T indicates a signature
changing T-duality, where the theory at the R end compactified on a spacelike
circle of radius R is T-dual to the theory at the T end on a timelike circle of radius
T = 1/R.
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The IIA5+5 and IIB5+5 theories have actions in which all of the kinetic terms
have the ‘right sign’, so that the corresponding actions are the same as those
for the usual IIA and IIB theories (4.1),(4.2), but with different signature. In
5+5 dimensions there are Majorana-Weyl spinors as well as real self-dual 5-forms,
just as in 9+1 dimensions. The IIA∗5+5 and IIB
∗
5+5 string theories are obtained
from the IIA5+5 and IIB5+5 string theories in the same way as the corresponding
theories in 9+1 dimensions, by acting with iFL , so that the signs of the RR gauge
field kinetic terms are reversed so that the supergravity actions are of the form
(4.3),(4.4). The IIA5+5 and IIB5+5 theories have untwisted superalgebras
{Qi, Qj} = (ΓµC−1)Pµδij (6.1)
while the IIA∗5+5 and IIB
∗
5+5 theories have the twisted superalgebra (2.1). The
IIA and IIB string theories in signatures 9+1,5+5, and the IIA∗ and IIB∗ string
theories in signature 1+9 are the only string theories in which all signs and phases
are the conventional ones.
7. The Strong-Coupling Limit of the Type IIA∗ Theory
In this section, we will investigate the strong-coupling limit of the type IIA∗
theory. For the IIA theory, there are D0-branes with mass m ∼ n/g for all integers
n where g is the string coupling, and these become light at strong coupling and
are identified with a Kaluza-Klein tower of states from the decompactification of
an extra spatial dimension [26]. For the IIA∗ theory, there are E1-branes with
tachyonic mass m, m2 = −µ2 with µ real and µ ∼ n/g for all integers n. Then
µ → 0 at strong coupling and there is again an infinite tower of states that be-
come massless in the limit and which fit into supergravity multiplets. Whereas
the compactification of a spatial dimension gives a Kaluza-Klein tower of massive
states, the compactification of a timelike dimension gives a Kaluza-Klein tower of
tachyonic states, and in either case the tower becomes light as the extra dimension
decompactifies. Thus it is natural to identify the strong coupling limit of the IIA∗
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theory as one in which an extra timelike dimension decompactifies to give a theory
in 9+2 dimensions.
This result can be checked in a number of ways. It is certainly to be expected
that the strong coupling limit should lead to the decompactification of an 11’th
dimension, and the field-theory limit of the 11-dimensional theory should, on di-
mensional reduction, give the IIA∗ supergravity (4.3) in 9+1 dimensions. This
11-dimensional field theory cannot be the usual 11-dimensional supergravity [27]
with bosonic action
SM =
∫
d11x
√−g [R−G24]+ 43
∫
G4 ∧G4 ∧ C3 (7.1)
since the spatial reduction of this gives the IIA theory, not the IIA∗ theory, while
the timelike reduction gives a Euclidean theory, not one in 9+1 dimensions. As
the IIA∗ theory has a kinetic term for C3 of the wrong sign, a natural guess
would be a 10+1 dimensional field theory of the form (7.1) but with the sign of
the kinetic term of G4 reversed. However, the spatial reduction of such an action
would give kinetic terms for B2 and C1 differing in sign from those of the IIA
∗
theory (4.3). However, the fact that the kinetic term of C1 in (4.3) has the wrong
sign means that if it is to be interpreted as the graviphoton from the reduction of
an 11-dimensional metric, then the reduction must be on a timelike circle, not a
space-like one. Consider, then, the following action in 9+2 dimensions:
SM =
∫
d11x
√
g
[
R +G24
]
+
4
3
∫
G4 ∧G4 ∧ C3 (7.2)
Its dimensional reduction on a timelike circle indeed gives the IIA∗ action, and if
there is any 11-dimensional supergravity theory whose dimensional reduction gives
the IIA∗ theory, it must have this bosonic sector. The strong coupling limit of
the IIA∗ theory is then a theory in 9+2 dimensions which we will denote as M∗
theory. The effective supergravity theory is given by coupling (7.2) to a gravitino
which, as will be seen in section 11, is a pseudo-Majorana spinor (with 32 real
components).
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Another way of obtaining the same theory is as follows. Consider first M-
theory compactified on a space-like 3-torus, T 3. In the limit that the torus shrinks
to zero size, one recovers M-theory [28]; dimensional reduction gives a theory in
7+1 dimensions, but the modes from membranes wrapping around each of the
three 2-cycles become light as the cycles shrink, and these light modes signal the
opening up of three new spatial dimensions. If instead M-theory is compactified
on a Lorentzian 3-torus, T 2,1, then in the limit that the torus shrinks to zero size,
one again expects 3 new dimensions to open up, in addition to the 8 Euclidean
dimensions from the dimensional reduction. However, in this case there is one
Euclidean T 2 2-cycle and two Lorentzian T 1,1 2-cycles, and we shall see that the
shrinking Euclidean 2-cycle gives an extra space dimension while each shrinking
Lorentzian 2-cycle gives an extra time dimension, resulting in a theory in 9+2
dimensions.
M-theory on a Euclidean T 2 shrinking to zero size gives 8+1 dimensions, as in
the field theory limit, together with an extra spatial dimension from membranes
wrapped on T 2, to give the IIB string in 9+1 dimensions. On the other hand, as we
have seen, M-theory on a Lorentzian T 1,1 shrinking to zero size gives 9 Euclidean
dimensions, as in the field theory limit, together with an extra timelike dimension
from membranes wrapped on T 1,1, to give the IIB∗ theory in 9+1 dimensions.
Thus membranes wrapped on a shrinking T 2,0 give an extra space dimension while
those wrapped on a shrinking T 1,1 give an extra time dimension. This also follows
from the fact that T-duality of Euclidean strings changes the signature. Then for
M-theory on a shrinking T 2,1, one spatial and two timelike dimensions open up, to
give M∗ theory in 9+2 dimensions. M-theory and M∗ theory are then linked by a
duality, and so are not independent theories: M-theory on a Lorentzian torus T 2,1
is equivalent to M∗-theory compactified on a dual torus which, as we will see in
section 10, is a torus T 1,2 with the opposite signature.
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8. Compactifications ofM ∗ Theory
Consider now reductions of M∗ theory, analogous to the ones considered above
for M-theory. Reduction on a timelike circle gives the IIA∗ theory in 9+1 di-
mensions, with coupling constant related to the radius so that the strong coupling
limit of the IIA∗ theory is a decompactification to M∗ theory in 9+2 dimensions.
On the other hand, reduction on a spacelike circle gives a string theory in 8+2
dimensions, which is the IIA8+2 string theory obtained in section 6. Considering
toroidal reductions ofM∗ theory clarifies some of the dualities represented in figure
5.
First, reduction of M∗ theory on a torus T 0,2 with 2 timelike circles gives the
moduli space in figure 6.
Figure 6 The moduli space for the compactification of M∗-theory from 9 + 2
dimensions on a torus T 0,2 with two timelike circles of radii T, T ′. The figure
should be identified under reflection in the T = T ′ diagonal.
The IIA∗ and IIB theories are related by timelike T-duality and the limit as the
T 0,2 shrinks to zero size gives the IIB theory.
Reduction ofM∗ theory on a Lorentzian torus T 1,1 gives the following diagram:
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Figure 7 The moduli space for the compactification of M∗-theory from 9 + 2
dimensions on a Lorentzian torus T 1,1 with spacelike radius R and timelike radius
T .
Compactification first on time leads to the T-duality between the IIA∗ theory on
a spatial circle of radius R and the IIB∗ theory on a spatial circle of radius 1/R.
From section 4, the IIB′ string theory is the strong coupling limit of the IIB∗
string theory, and the IIB′ and IIA8+2 theories both have Euclidean fundamental
strings. There is a signature-changing T-duality between the IIA8+2 theory on a
timelike circle of radius T and the IIB′ string theory on a spatial circle of radius
R = 1/T , and this arises in fig. 5 from compactifying first on space. In the limit
in which the T 1,1 shrinks to zero size, we obtain the IIB∗ theory with coupling
constant g ∼ R/T . The strong coupling limit of the IIA8+2 theory is the M∗
theory, with a spacelike circle decompactifying.
Compactifying the IIA8+2 theory on a spacelike circle of radius R is equivalent
to compactifying a T-dual theory on a timelike circle of radius 1/R, and the T-dual
theory must be in signature 7+3, and we will denote it as IIB7+3.
The moduli space for reduction ofM∗ theory on a spatial torus T 2,0 is shown in
figure 8. TheM∗ theory picture leads to the signature-changing T-duality between
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the IIB7+3 theory and the IIA8+2 theory, and the limit in which the T
2,0 shrinks
to zero size gives the IIB7+3 theory.
Figure 8 The moduli space for the compactification of M∗-theory from 9 + 2
dimensions on a Euclidean torus T 2,0 with two spacelike circles of radii R,R′. The
figure should be identified under reflection in the R +R′ diagonal.
9. More Strong Coupling Limits
The IIA5+5 string in 5+5 dimensions is very similar to the usual IIA string
in 9+1 dimensions. In particular, it has D0-branes that become light at strong
coupling, signalling the decompactification of a new spacelike dimension, so that
its strong coupling limit is a theory in signature 6 + 5 dimensions which we will
refer to as the M ′6+5 theory. This is also the strong coupling limit of the IIA6+4
theory, which has E1-branes that become light at strong couling, signalling an
extra time dimension. A supergravity theory in 6+5 dimensions with lagrangian
R − (dC3)2 + ... is the unique 11 dimensional theory that can be dimensionally
reduced to give the IIA5+5 supergravity (by reducing on a spacelike circle) or
the IIA6+4 supergravity (by reducing on a timelike circle). Similarly, the strong-
coupling limit of the IIA∗5+5 string and the IIA4+6 string is a reversed-signature
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M ′5+6 theory in 5+6 dimensions. The strong coupling limits of the IIA2+8 string
and the IIA∗1+9 strings are a reversed signature M
∗
2+9 theory in 2+9 dimensions
and the strong coupling limits of the IIA0+10 string and the IIA1+9 strings are a
reversed signature M1+10 theory in 1+10 dimensions.
Consider now the compactification of the M ′ theory on circles and 2-tori of
various signatures. The reduction on a timelike circle gives the IIA6+4 theory,
while on a spacelike circle gives a IIA5+5 theory in 5+5 dimensions, which is T-
dual to a IIB5+5 theory in 5+5 dimensions on a spacelike circle. The moduli
spaces for the compactifications on the tori T 2,0, T 1,1 and T 0,2 are shown in figures
9,10 and 11.
Figure 9 The moduli space for the compactification of M ′-theory from 6 + 5
dimensions on a torus T 0,2 with two timelike circles of radii T, T ′. The figure
should be identified under reflection in the T = T ′ diagonal.
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Figure 10 The moduli space for the compactification of M ′-theory from 6+5
dimensions on a Lorentzian torus T 1,1 with spacelike radius R and timelike radius
T .
Figure 11 The moduli space for the compactification of M ′-theory from 6+5
dimensions on a Euclidean torus T 2,0 with two spacelike circles of radii R,R′. The
figure should be identified under reflection in the R = R′ diagonal.
In the limits in which the torus T 2,0, T 1,1 or T 0,2 shrinks to zero size, we get
the IIB5+5, IIB
∗
5+5 or IIB7+3 theories, respectively.
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To understand the remaining 5+5 dimensional T-dualities in figure 4 from 11
dimensions, one needs to consider toroidal compactifications of the mirror theory
in 5+6 dimensions, which is the strong coupling limit of the type IIA∗5+5 theory.
These are depicted in figures 12,13,14.
Figure 12 The moduli space for the compactification of M ′-theory from 5+6
dimensions on a Lorentzian torus T 1,1 with spacelike radius R and timelike radius
T .
Figure 12 gives anM ′-theory understanding of the spacelike T-duality between
the IIA∗5+5 theory and the IIB
∗
5+5 theory, while figure 13 leads to the timelike T-
duality between the IIA∗+5+5 theory and the IIB+5+5 theory. Figure 14 leads
to the signature-changing T-dualities between the IIB3+7 and IIA4+6 theories.
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Figure 13 The moduli space for the compactification of M ′-theory from 5+6
dimensions on a torus T 0,2 with two timelike circles of radii T, T ′. The figure
should be identified under reflection in the T = T ′ diagonal.
Figure 14 The moduli space for the compactification of M ′-theory from 5+6
dimensions on a Euclidean torus T 2,0 with two spacelike circles of radii R,R′. The
figure should be identified under reflection in the R = R′ diagonal.
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10. Compactification on 3-Tori
In this section we will consider the M-theories of various signatures compact-
ified on 3-tori of various signatures, giving dualities linking the M-theories. M-
theory in 10+1 dimensions compactified on T 2,0 gives the IIB string in the limit in
which the torus shrinks, while when compactified on a shrinking Lorentzian torus
T 1,1 it gives the IIB∗ string, as we have seen, so that a shrinking T 2,0 gives an extra
spatial coordinate (in addition to the 8+1 dimensions remaining after compactifi-
cation), while a shrinking T 1,1 gives an extra time dimension (in addition to the
9+0 dimensions remaining after compactification). The extra dimension opens up
because an infinite tower of states from the membrane wrapping modes contribute
to the massless spectrum in the limit, and these can be associated with the Kaluza-
Klein modes from an extra dimension that is decompactifying. Then M-theory on
T 3,0 gives 3 extra spatial dimensions in the shrinking limit from membranes wrap-
ping around the three 2-cycles, so that these replace the three spatial dimensions
lost in the compactification and a T-dual M-theory in 10+1 non-compact dimen-
sions is regained in the limit. On T 2,1, there are 2 Lorentzian T 1,1 cycles and one
Euclidean T 2,0 cycle and so, in the limit in which all three circles shrink, the 2
spatial and one time dimensions that are lost are replaced by two time and one
space dimensions, so that the M∗ theory in 9 + 2 dimensions is regained.
Similar arguments can be applied to the M∗ and M ′ theories. From the duali-
ties in section 8, we see thatM∗9+2 theory compactified on a shrinking T
2,0 gives an
extra time dimension, on a shrinking T 1,1 gives an extra spatial dimension and on
a shrinking T 0,2 gives an extra time dimension. Then M∗9+2 theory compactified
on a shrinking T 3,0 gives 6+2 dimensions plus 3 extra time dimensions to give
a theory in 6 space and 5 time dimensions, the M ′6+5 theory. The M
∗
9+2 theory
compactified on a shrinking T 2,1 gives 7+1 dimensions plus an extra two space and
one time dimensions to give a theory in 9 space and 2 time dimensions, which is
the M∗9+2 theory again. The M
∗
9+2 theory compactified on a shrinking T
1,2 gives
8+0 dimensions plus an extra two space and one time dimensions to give a theory
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in 10 space and 1 time dimensions, which is the original M10+1 theory.
From the dualities in section 9, we see that M ′6+5 theory compactified on
a shrinking T 2,0 gives an extra spatial dimension, on a shrinking T 1,1 gives an
extra time dimension and on a shrinking T 0,2 gives an extra spatial dimension.
Then M ′6+5 theory compactified on a shrinking T
3,0 gives 3+5 dimensions plus 3
extra space dimensions to give a theory in 6 space and 5 time dimensions, the
M ′6+5 theory again. The M
′
6+5 theory compactified on a shrinking T
2,1 gives 4+4
dimensions plus an extra two time and one space dimensions to give a theory
in 5 space and 6 time dimensions, which is the M ′5+6 theory. The M
′
6+5 theory
compactified on a shrinking T 1,2 gives 5+3 dimensions plus an extra two time and
one space dimensions to give a theory in 6 space and 5 time dimensions, which is
the M ′6+5 theory. Finally, M
′
6+5 theory compactified on a shrinking T
0,3 gives 6+2
dimensions plus 3 extra space dimensions to give a theory in 9 space and 2 time
dimensions, the M∗9+2 theory.
The torus reductions of the reversed signature cases are given by reversing all
the signatures in the above. Then we have a chain of dualities linking the ‘different’
M-theories. M10+1 theory on a shrinking T
2,1 gives the M∗9+2 theory, the M
∗
9+2
theory on a shrinking T 3,0 gives the M ′6+5 theory, the M
′
6+5 on a shrinking T
2,1
gives the M ′5+6 theory, the M
′
5+6 theory on a shrinking T
3,0 gives the M∗2+9 theory
and the M∗2+9 theory on a shrinking T
2,1 gives the M1+10 theory. The usual
10+1 dimensional M-theory compactified on T 2,1 is equivalent to M∗9+2 theory
compactified on a dual T 1,2, M∗9+2 theory compactified on T
3,0 is equivalent to
M ′6+5 theory compactified on a dual T
0,3, M ′6+5 theory compactified on T
2,1 is
equivalent to M ′5+6 theory compactified on a dual T
1,2, and so on, where in each
case, the dual torus has a reversed signature as well as the inverse volume. There
are also self-dualities that preserve the signature, so that for example the M∗9+2
theory compactified on T 2,1 is equivalent to the same theory compactified on a
dual T 2,1.
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11. Supersymmetry and Fermions
The dualities linking the various theories obtained in previous sections guaran-
tee that each of the theories has 32 supersymmetries, but it is interesting to check
how the details work out. It will be useful to review the types of spinors that can
occur for each spacetime signature [29,30], following [29]. In D = s+ t dimensions
with s space dimensions and t time dimensions, the Clifford algebra is
{Γm,Γn} = −2ηmn (11.1)
where
ηmn = diag(−1t, 1s) (11.2)
and m,n are tangent space indices. The gamma matrices can be chosen to satisfy
Γ†m = −(−1)tAΓmA−1 (11.3)
where A is the product of the timelike gamma matrices
A = Γ1Γ2 . . .Γt (11.4)
For even D, ±Γ∗m constitute an equivalent representation of the Clifford algebra
so that there is a matrix B such that
Γ∗m = ηBΓmB
−1, η = ±1 (11.5)
for either choice of η, while for odd D there is a matrix B satisfying (11.5) only for
η = (−1)(s+1−t)/2 (11.6)
The matrix B is unitary and satisfies
B∗B = ǫ(η, s, t), ǫ = ±1 (11.7)
where ǫ depends on the choice of η (if D even) and on the signature s, t. The
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spacetime signatures (s, t) allowing the four possible combinations (ǫ, η) are [29]
ǫ = +1, η = −1 : s− t = 0, 1, 2 mod 8
ǫ = +1, η = +1 : s− t = 0, 6, 7 mod 8
ǫ = −1, η = −1 : s− t = 4, 5, 6 mod 8
ǫ = −1, η = +1 : s− t = 2, 3, 4 mod 8
(11.8)
The charge conjugation matrix is
C = BtA (11.9)
and
Γtm = −(−1)tηCΓmC−1 (11.10)
For even D, the matrix
ΓD+1 = Γ1Γ2 . . .ΓD (11.11)
satisfies
(ΓD+1)
2 = (−1)(s−t)/2 (11.12)
and the chiral projection operators
P± =
1
2
(
1± (−1)(s−t)/4ΓD+1
)
(11.13)
can be used to decompose a spinor into two Weyl spinors ψ± = P±ψ.
If ǫ = 1, then it is consistent to impose the reality constraint
ψ∗ = Bψ, ǫ = 1 (11.14)
on spinors. Spinors satisfying this are Majorana spinors if η = −1 and pseudo-
Majorana spinors if η = 1. The two cases are distinct in general: for example, a
42
Majorana fermion can be massive, but a pseudo-Majorana fermion cannot satisfy
a massive Dirac equation and so must be massless [29]. The Dirac conjugate of a
spinor ψ is
ψ¯ = ψ†A (11.15)
so a (pseudo-) Majorana spinor satisfies
ψ¯ = ψtC (11.16)
If ǫ = −1, the condition (11.14) is inconsistent as B∗B = −1, but if there are two
spinors ψi, i = 1, 2, one can impose the condition
ψ∗i = (ψi)
∗ = εijBψj (11.17)
where εij is the alternating tensor. Spinors satisfying this with η = −1 are sym-
plectic Majorana spinors, while those satisfying this for η = 1 are symplectic
pseudo-Majorana spinors. Each of these four conditions is consistent with the chi-
ral projection using (11.13) only if s − t = 0 mod 4, in which case the resulting
spinor is (symplectic) (pseudo) Majorana-Weyl.
The condition (11.14) can be generalised to the condition
ψ∗i = (ψi)
∗ = M ijBψj , ǫ = 1 (11.18)
forN spinors, i = 1, . . . , j, whereM ij is a symmetric real matrix satisfyingM2 = 1,
so that M is invariant under O(p, q) for some p, q where p+ q = N is the number
of spinors, and the condition (11.17) is invariant under the action of O(p, q). We
will refer to (11.18) as an O(p, q)-Majorana condition. If ǫ = −1 and there are 2N
spinors, one can impose the condition
ψ∗i = (ψi)
∗ = ΩijBψj (11.19)
for some antisymmetric real matrix Ωij satisfying Ω2 = −1, and this is invariant
under Sp(2N).
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It is often possible to choose a Majorana representation of the gamma-matrices
in which the gamma matrices are all real or all imaginary, so that one can take
B = 1 so that a (pseudo-) Majorana fermion is real, ψ∗ = ψ. For exam-
ple, in 9+1 dimensions, the gamma matrices can be chosen to be all imaginary,
Γ∗m = −Γm, and there are two choices of B, depending on the sign of η. For
η = −1, ǫ = 1, one can take B = 1 so that a Majorana fermion is real, ψ∗ = ψ.
For η = 1, ǫ = 1, one can instead choose B = Γ11 and a pseudo-Majorana spinor
satisfies ψ∗ = Γ11ψ. Then Majorana-Weyl spinors satisfy ψ
∗
± = ψ± while pseudo-
Majorana-Weyl spinors satisfy ψ∗± = ±ψ±, so that a negative chirality pseudo-
Majorana-Weyl spinor is imaginary, while a positive chirality pseudo-Majorana-
Weyl spinor is real. Then ψ− → iψ− takes a Majorana or Majorana-Weyl spinor
to a pseudo-Majorana or pseudo-Majorana-Weyl spinor, and vice versa, so that
Majorana and pseudo-Majorana conditions are equivalent in this sense, but the
multiplication by i changes the sign of the kinetic term of a ψ− fermion. In
particular, right-handed Majorana-Weyl and right-handed pseudo-Majorana-Weyl
spinors are both real and so equivalent; in 10 dimensions, this applies to signa-
tures 9+1,5+5,1+9. Similarly, right-handed symplectic Majorana-Weyl spinors
and right-handed symplectic pseudo-Majorana-Weyl spinors are equivalent; in 10
dimensions, this applies to signatures 7+3,3+7. In signature (1,9), all the gamma-
matrices can be chosen to be real (they are i times the imaginary gamma matrices
of the Majorana reperesentation in signature 9+1) so that B = 1 for η = 1 and
pseudo-Majorana spinors are real.
Given two Majorana-Weyl spinors ψ± of opposite chirality, they can be com-
bined to form a Majorana spinor Ψ = (ψ+, ψ−) or a pseudo-Majorana spinor
Ψ = (ψ+, iψ−). The IIA and IIA∗ supergravity theories in 9+1 dimensions both
have two gravitini ψ+µ , ψ
−
µ which are Majorana-Weyl spinors of opposite chirality.
In the IIA supergravity, their kinetic terms have the same sign and can be written
in terms of a Majorana gravitino as
∫
d10x
√
g iψ¯µΓ
µνρ∇νψρ (11.20)
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or in terms of a pseudo-Majorana gravitino as
∫
d10x
√
g iψ¯µΓ
µνρΓ11∇νψρ (11.21)
In the IIA∗ supergravity, the kinetic terms of the two Majorana-Weyl gravitini
have opposite sign and can be written in terms of a Majorana gravitino as (11.21)
or in terms of a pseudo-Majorana gravitino as (11.20). In 10 dimensions, similar
considerations apply to signatures 5+5,1+9 in which there are also Majorana-Weyl
spinors.
Two Majorana spinors ψ, χ can be combined into an SO(2)-Majorana spinor
ψi = (ψ, χ), i = 1, 2, satisfying (11.18) with M ij = δij , or into an SO(1, 1)
Majorana spinor ψi = (ψ, iχ) satisfying (11.18) with M ij = ηij , and similarly
for pseudo-Majorana spinors or Majorana-Weyl spinors of the same chirality. The
type IIB and type IIB∗ supergravities both have two Majorana-Weyl gravitini of
the same chirality and the signs of their kinetic terms are the same for the type
IIB supergravity and opposite for the type IIB∗ supergravity. In the type IIB
theory, the gravitini can be combined into an SO(2)-Majorana-Weyl gravitino ψiµ
with kinetic term ∫
d10x
√
g iδijψ¯
i
µΓ
µνρ∇νψjρ (11.22)
or into an SO(1, 1)-Majorana-Weyl gravitino ψiµ with kinetic term
∫
d10x
√
g iηij ψ¯
i
µΓ
µνρ∇νψjρ (11.23)
The two Majorana-Weyl gravitini of the type IIB∗9+1 theory can be combined into
either an SO(2)-Majorana-Weyl gravitino ψiµ with kinetic term (11.23) or into an
SO(1, 1)-Majorana-Weyl gravitino ψiµ with kinetic term (11.22).
For every theory in signature (s, t) we have found a mirror theory with signature
(t, s). The bosonic part of the supergravity actions of the mirror pairs are equivalent
(up to an overall sign), but there appear to be differences in some cases in the
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fermionic sectors. For example, there are Majorana fermions in signature 10+1
but not in signature 1+10, where, from above, only pseudo-Majorana fermions are
allowed. In 11 dimensions, the fermions are Majorana in signatures (10,1),(6,5)
and (2,9) and are pseudo-Majorana in the mirror signatures (1,10),(5,6) and (9,2),
and in each case the spinors have 32 real components. However, a Majorana
spinor in 10+1 and a pseudo-Majorana spinor in 1+10 dimensions are both real
in a Majorana representation, so that the two mirror theories are equivalent, and
similarly for other mirror pairs.
Indeed, consider a theory in signature (s, t) with the spinors satisfying a
Majorana-type condtion ψ∗ = NBψ (which can be pseudo or symplectic) for a
B-matrix with corresponding ǫ, η, and for some matrix N which is the identity for
(pseudo)-Majorana spinors and is antisymmetric N = Ω for symplectic (pseudo)-
Majorana spinors. Taking gµν → −gµν , Γµ → iΓµ, gives a theory in signature
(t, s) in which the spinors still satisfy ψ∗ = NBψ, but η has changed sign, so that
a (symplectic) Majorana spinor changes to (symplectic) pseudo-Majorana, or vice
versa. This mirror theory will also be supersymmetric, and so must be the same
as the mirror obtained via the chain of dualities, as supersymmetry specifies the
theory uniquely. Thus the mirror pairs of theories are all equivalent.
Dimensionally reducing to 10 dimensions on either a spacelike or a timelike
circle, we obtain IIA theories in which the spinor is a 32-component Majorana or
pseudo-Majorana spinor, depending on the signature as follows:
Majorana : IIA9+1, IIA10+0, IIA6+4, IIA5+5, IIA2+8, IIA
∗
1+9
Pseudo−Majorana : IIA∗9+1, IIA8+2, IIA∗5+5, IIA4+6, IIA1+9, IIA0+10
(11.24)
In signatures 9+1, 5+5, 1+9, the spinors can be decomposed into Majorana-Weyl
spinors. Note that two kinds of spinors are possible for each signature (e.g. 9+1
dimensions allows Majorana or pseudo-Majorana spinors), but the relation with
11 dimensions picks out one type in each case. However, in signatures (9,1), (1,9)
and (5,5), the pseudo-Majorana spinors can be repackaged as Majorana spinors,
as seen above.
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The 11-dimensional superalgebra for all of the signatures is of the form
{Q,Q} = (ΓMC−1)PM (11.25)
where C is the D = 11 charge conjugation matrix and the supercharges Q are either
Majorana or pseudo-Majorana, depending on the signature. A spatial dimensional
reduction will give a superalgebra of the same form in D = 10, while for a reduction
on a timelike direction x11, the 10-dimensional charge conjugation matrix C10 is
related to that in 11-dimensions by C = C10Γ11, so that the 10-dimensional algebra
is of the twisted form
{Q,Q} = (ΓMΓ11C−110 )PM (11.26)
For signatures (9,1),(5,5) and (1,9) this can be rewritten in terms of two (pseudo)-
Majorana-Weyl supercharges Qi, i = 1, 2, of opposite chirality, in which case it
becomes
{Qi, Qj} = ηij(ΓMC−1)PM (11.27)
where ηij = diag(+1,−1), so that (2.1) is recovered. This is a general feature: each
timelike reduction introduces a twist into the superalgebra. In 9+1,5+5 or 1+9
dimensions, the Majorana-Weyl supercharges Qi can be combined into a Majorana
or a pseudo-Majorana supercharge, and the twisted superalgebra (11.27) can be
written as (11.26) in terms of a Majorana supercharge or as (11.25) in terms of a
pseudo-Majorana supercharge.
For the IIB theories in signatures 9+1,5+5,1+9, there are two Majorana-Weyl
supercharges Qi of the same chirality which satisfy an untwisted superalgebra
(6.1) for the IIB9+1, IIB5+5, IIB1+9 theories, or a twisted superalgebra for the
IIB∗9+1, IIB
∗
5+5, IIB
∗
1+9 theories. (These can be rewritten in terms of either an
SO(2)-Majorana-Weyl supercharge or an SO(1, 1)-Majorana-Weyl supercharge.)
For the IIB7+3 theory and the the IIB3+7 the supercharges Qi, i = 1, 2, form a
47
symplectic Majorana-Weyl spinor, satisfying (11.17), and the superalgebra takes
the symplectic twisted form
{Qi, Qj} = ǫij(ΓMC−1)PM (11.28)
12. The Set of Theories
We have found versions of M-theory with signatures (10, 1), (9, 2), (6, 5) and
the mirrors (1, 10), (2, 9), (5, 6), and these are all linked by dualities – we saw in
section 10 that we could get from one to another by compactifying on a 3-torus
of suitable signature and taking the limit in which it shrinks to zero size. All can
be linked by dualities in this way, so that they should not be regarded as different
theories, but as different limits of the same underlying theory. All have field the-
ory limits which are 11-dimensional supergravity theories with various signatures.
Compactifying on a spacelike circle or a timelike circle gives IIA string theories
with signatures (10, 0), (9, 1), (8, 2), (6, 4), (5, 5) together with their mirrors, and
the starred versions of the theories with signature (9, 1), (1, 9) and (5, 5) in which
the signs of the RR fields are reversed. Compactifying the various M-theories on
shrinking 2-tori T 2,0, T 1,1 or T 0,2 give IIB theories in signatures (9, 1), (7, 3), (5, 5)
together with their mirrors, and the starred versions of the theories with signature
(9, 1), (1, 9) and (5, 5). The strong coupling limit of the IIB∗ theories gives the
IIB′ theories, while the remaining IIB theories are self-dual, so that their strong
coupling limit is isomorphic to the weak coupling limit, as in the usual IIB theory
[31]. The various 10-dimensional string theories are all linked by T-dualities or by
S-dualities (taking weak coupling to strong coupling), as shown in figure 4.
The various 11-dimensional supergravities have a field content of a metric, a 3-
form gauge field and a gravitino which is Majorana for signatures 10+1, 6+5, 2+9
and pseudo-Majorana for the mirror signatures 1 + 10, 5 + 6, 9 + 2. The bosonic
Lagrangian is of the form R − (dC3)2 + . . . for signatures 10 + 1, 6 + 5, 2 + 9
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while the 3-form gauge field kinetic term has the wrong sign for the signatures
1 + 10, 5 + 6, 9 + 2, with lagrangian R + (dC3)
2 + . . ..
The bosonic fields of the type IIA supergravities are the NS-NS fields gµν , B2,Φ
and the RR gauge fields C1, C3 with a bosonic action of the form
SIIA =
∫
d10x
√
|g|
[
e−2Φ
(
R + 4(∂Φ)2
)
−
(
±e−2ΦH2 ±G22 ±G24
)]
+ . . .
(12.1)
with the signs of the kinetic terms of B2, C1, C3 for the various spacetime signatures
given in table 1 (where a + sign is the usual sign, and − is the sign for a ghost-like
field).
Theory C1 Sign B2 Sign C3 Sign Spinor
IIA9+1 + + + M=MW+MW’
IIA∗9+1 - + - PM=MW+MW’
IIA10+0 - - + M
IIA8+2 + - - PM
IIA6+4 - - + M
IIA5+5 + + + M=MW+MW’
IIA∗5+5 - + - PM=MW+MW’
IIA4+6 + - - PM
IIA2+8 - - + M
IIA∗1+9 + + + M=MW+MW’
IIA1+9 - + - PM=MW+MW’
IIA0+10 + - - PM
Table 1 The signs of the kinetic terms in (12.1) for the gauge fields C1, B2, C3
for the IIAs+t theory in s space and t = 10 − s time dimensions. A ‘+’ sign is
the conventional sign. The spinors are Majorana (M) or pseudo-Majorana (PM),
and in certain cases split into positive chirality Majorana-Weyl spinors (MW) and
negative chirality ones (MW’).
For the type IIB supergravities, the bosonic fields are the NS-NS fields
gµν , B2,Φ and the RR fields C0, C2, C4, where the C4 field strength G5 is self-
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dual, and the bosonic action is of the form
SIIB =
∫
d10x
√
|g|
[
e−2Φ
(
R + 4(∂Φ)2
)
−
(
±e−2ΦH2 ±G21 ±G23 ±G25
)]
+ . . .
(12.2)
with the signs of the kinetic terms of B2, C0, C2, C4 for the various spacetime
signatures given in table 2.
Theory C0 Sign B2 Sign C2 Sign C4 Sign Spinor
IIB9+1 + + + + MW +MW
IIB∗9+1 - + - - MW +MW
IIB′9+1 - - + - MW +MW
IIB7+3 + - - + SMW
IIB5+5 + + + + MW +MW
IIB∗5+5 - + - - MW +MW
IIB′5+5 - - + - MW +MW
IIB3+7 + - - + SMW
IIB1+9 + + + + MW +MW
IIB∗1+9 - + - - MW +MW
IIB′1+9 - - + - MW +MW
Table 2 The signs of the kinetic terms in (12.2) for the gauge fields
C0, B2, C2, C4 for the IIBs+t theory in s space and t = 10− s time dimensions. A
‘+’ sign is the conventional sign. The spinors are positive chirality Majorana-Weyl
(MW) or symplectic Majorana-Weyl (SMW).
For the IIB theories, the scalar coset space is SL(2,R)/SO(2) when the C0 sign is
+ and is SL(2,R)/SO(1, 1) when the C0 sign is −.
Note that the theories are named so that the signature-reversing mirror trans-
formation takes the IIA9+1 theory to the IIA1+9 theory, the IIA
∗
9+1 theoryto
the IIA∗1+9 theory, the IIB9+1 theory to the IIB1+9 theory, the IIB
∗
9+1 theory
to the IIB∗1+9 theory, and the IIB
′
9+1 theory to the IIB
′
1+9 theory. The mirror
transformation also takes the IIA5+5 theory to the IIA
∗
5+5 theory, but leaves each
of the three IIB theories in 5+5 dimensions invariant.
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There are Majorana-Weyl spinors in signatures 9+1,1+9 and 5+5 and it is
only in these signatures in which N = 1 theories with 16 supersymmetries are
possible, and it is in these signatures that supersymmetric Yang-Mills theories,
type I strings or heterotic strings can occur. Orientifolding the type IIB,IIB∗
and IIB′ theories in 9+1,5+5 and 1+9 dimensions gives type I,I∗ and I ′ theories
in these signatures. The type I theories have both open strings and D-strings with
Lorentzian world-sheets, the type I∗ theories have open strings with Lorentzian
world-sheets and D-strings with Euclidean world-sheets, while the type I ′ strings
have Euclidean open strings and Lorentzian D-strings. At strong coupling, the
D-strings become, as in [32-34], the fundamental strings of the corresponding dual
heterotic theories, which will be denoted HO,HO∗, HO′ respectively. There are
also HE-type heterotic strings in these signatures that can be obtained by com-
pactifying M,M∗,M ′ theories on a spacelike or a timelike S1/Z2, when possible.
For example reducing M-theory on a spacelike S1/Z2 gives the HE9+1 theory, as in
[35], reducing M∗9+2 theory on a timelike S
1/Z2 gives a HE
∗
9+1 theory with funda-
mental strings with Euclidean world-sheets, reducing M ′6+5 theory on a spacelike
S1/Z2 gives the HE5+5 theory with Lorentzian world-sheets, and reducing the
M ′5+6 theory on a timelike S
1/Z2 gives the HE
∗
5+5 theory with Euclidean world-
sheets. The various heterotic strings are then related to each other by T-dualities,
and to type II theories by generalisations of the dualities in [31]. For example, the
type IIA5+5 theory compactified on K3 is dual to the HO5+5 or HE5+5 heterotic
theory compactified on T 4, while the IIA∗9+1 theory on K3 is dual to the HO
∗
5+5
or HE∗5+5 heterotic theory on a timelike T
4. Such dualities can be used to relate
heterotic timelike T-duality to type II timelike T-duality.
Compactifications of type IIB theory on a space K for which the complex
scalar field τ is not a function on K but is the section of a bundle can be described
as a compactification of F-theory on a T 2 bundle B over K [36]. If K is an n-
dimensional Euclidean space, then B is an n+2-dimensional Euclidean space, and
the F-theory background is 11 + 1 dimensional. On the other hand, compactifica-
tions of type IIB∗9+1 theory on a space K for which the scalars taking values in
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SL(2,R)/SO(1, 1) is the section of a bundle over K can be described as a com-
pactification of an F ∗-theory on a T 1,1 bundle B over K. If K is an n-dimensional
Euclidean space, then B is an n+ 2-dimensional space with Lorentzian signature,
and the F ∗-theory background is 10+2 dimensional, with two times [2]. Similarly,
compactifications of the various IIB theories in signatures 9+1,7+3,5+5 and their
mirrors in which the scalars have non-trivial transition functions can be described
as compactifications of F-type theories in signatures 11+1,10+2,9+3,7+5,6+6 and
their mirrors.
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